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Abstract 
When a Dirac quantum state interacts with an applied electric field the energy of the 
quantum state changes.  It is generally assumed that there is a maximum limit on the 
amount of energy that can be extracted from a Dirac quantum state, due to its interaction 
with an electric field.  In this article it is shown that this assumption is not correct and 
that, for a properly applied electric field, an arbitrarily large amount of energy can be 
extracted from the quantum state.  
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I. Introduction 
In Dirac field theory the free field energy is the energy of the quantum state when 
the interactions are turned off.  It is generally assumed that there is a lower bound to the 
free field energy, which is the energy of the vacuum state.  However it has been recently 
shown [1] that for Dirac field theory to be gauge invariant there must be no lower bound 
to the free field energy.   
The investigation undertaken in [1] was motivated by the problem of gauge 
invariance.  Even though Dirac field theory is assumed to be gauge invariant it is well 
known that when the polarization tensor is calculated, using perturbation theory, the 
result is not gauge invariant (see Chapt. 14 of [2], Sect. 22 of [3], Chapt. 5 of [4], and 
[5]).  The non-gauge invariant terms must be isolated and removed from the results of the 
calculation in order to obtain the correct gauge invariant result.  This may involve some 
form of regularization, where other functions that are introduced have the correct 
behavior so that the non-gauge invariant terms are cancelled.  However there is no 
physical explanation for introducing these functions.  They are merely mathematical 
devices used to force the desired (gauge invariant) result [5].   
It was shown in [1] that it is possible to modify the standard definition of the 
vacuum state so that there is no lower bound to the free field energy.  When this is done 
perturbation theory will be gauge invariant.  If there is no lower bound to the free field 
energy this suggests that it is worth examining the following problem: Given some initial 
Dirac quantum state, is there any limit on the amount of energy that can be extracted 
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from the quantum state due to its interaction with an applied electric field?  It will be 
shown that there is no such limit for a quantum state that meets certain initial conditions.   
In the following discussion we will work in the Heisenberg picture and assume 
that = .  In the Heisenberg picture the state vector c 1= = Ω  is constant in time and the 
field operator ψ  is time dependent and obeys the following equation [2][6], (ˆ x, tG )
( ) (Dˆ x, t ˆi Ht
∂ψ = ψ∂
G G )x, t
0
m
       (1) 
where, 
        (2) D 0H H q A qA= − α ⋅ +
GG
and 
         (3) 0H i= − α ⋅∇ +β
GG
In the above expression q and m are the charge and mass of the electron, respectively, 
and the 4x4 matrices  and  are defined in [2].  The pair αG β ( )0A , AG  is the electric 
potential and is taken to be an unquantized, real valued quantity.  As shown in the above 
expressions the coupling between the electromagnetic field and the Dirac quantum state 
is through the electric potential. 
 The free field energy is the energy of the state vector Ω  when the electric 
potential is zero.  It is defined by, 
 ( ) ( )f 0ˆt H tξ = Ω Ω − rε
) G
       (4) 
where,  
       (5) ( ) ( ) ( )( †0 0ˆ ˆ ˆH t x, t H x, t dx= ψ ψ∫ G G
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and where  is a renormalization constant which is chosen so that the free field energy 
of the vacuum state is zero. 
rε
II. Extracting Energy 
If the electric potential is zero then ( )f tξ  is constant in time.  If a non-zero 
electric potential is applied for a period of time then, in general, the value of  will 
change.  After the electric potential is removed the change in the energy of the quantum 
state is the difference between the new value of 
( )f tξ
fξ  and the original value.   
Now consider the change in energy of the quantum state when it is acted on by the 
following electric potential, 
 
( ) ( )( )
( ) ( )( ) ( ) ( )
( ) ( )( )
0
0 a
0 a
A x, t , A x, t 0 for t 0
x, t
A x, t ,A x, t , x, t  for 0 t t
t
A x, t ,A x, t 0 for t t
= <
 ∂χ= −∇χ ≤  ∂ 
= ≥
GG G
GG GG G G
GG G
<
)
   (6) 
where  is an arbitrary real valued function subject to the following condition at 
, 
(x, tχ G
t 0=
   ( ) ( )
t 0
x, t
x,0 0; 0
t =
∂χ =∂χ =
GG       (7) 
From the above expressions the electric potential is zero at time t 0=  and time b at t> .  
Therefore the change in energy from t=0 to b at t>  is given by the difference in the free 
field energies, i.e., 
         (8) ( ) ( )f b ft∆ξ = ξ − ξ 0
Use (6) in (1) along with (2) to show that the field operator satisfies the following 
equations, 
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( ) ( ) ( ) ( )0 aˆ x, t x, t ˆi H q x, t q x, t  for 0t t
 ∂ψ ∂χ= + α ⋅∇χ + ψ ≤ < ∂ ∂ 
G GGG G G t t   (9) 
and, 
 ( ) ( )0ˆ x, t ˆi H x, t  for t tt
∂ψ = ψ ≥∂
G G
a       (10) 
The solution to (9) is, 
 ( ) ( ) ( )0iq x,t iH t aˆ ˆx, t e e x,0  for 0 t t− χ −ψ = ψ ≤ <GG G     (11) 
This can be seen from substituting (11) into (9) and using the fact that, 
( ) ( )( ) ( ) ( ) ( )( )
( ) ( )( ) ( )
0 0
0
iq x,t iq x,tiH t iH t
0
iq x,t iH t
0
ˆ ˆH e e x,0 i m e e x,0
ˆ                                           e q x, t H e x,0
− χ − χ− −
− χ −
ψ = − α ⋅∇ +β ψ
= − α ⋅∇χ + ψ
G G
G
GGG G
GG G G   (12) 
and, 
 ( ) ( )( ) ( ) ( ) (0 0iq x,t iq x,tiH t iH t0x, tˆ ˆi e e x,0 e q H e x,0t t− χ − χ− − ∂χ∂ ψ = + ψ ∂ ∂ G G )
GG G  (13) 
The solution to (10) is, 
      (14) ( ) ( ) ( )0 aiH t t aˆ ˆx, t e x, t  for t t− −ψ = ψ ≥G G a
Since (1) is a first order differential equation the condition at at t=  that must be satisfied 
is, 
        (15) ( ) (a 0ˆ ˆx, t x, tδ→ψ + δ = ψ −
G G )a δ
Using (11) and (14) this yields, 
 ( ) ( ) (a 0 aiq x,t iH taˆ x, t e e x,0− χ −ψ = ψGG )ˆ G
ˆ
      (16) 
Use this in (14) to obtain, 
 ( ) ( ) ( ) ( )0 a a 0 aiH t t iq x,t iH t aˆ x, t e e e x,0  for t t− − − χ −ψ = ψ >GG G    (17) 
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To evaluate the energy at b at t> use this result in (5) to obtain, 
( ) ( ) ( ) ( ) ( ) ( ) ( )( )a 0 b a 0 b a a0 a 0 a
b a
iq x,t iH t t iH t t iq x,tiH t iH t†
0 b 0t t
ˆ ˆ ˆH t x,0 e e e H e e e x,0 dxχ − − − − χ −>= ψ ψ∫
G GG G G  
           (18)  
This readily yields, 
( ) ( ) ( ) ( ) ( )( )a a0 a 0 a
b a
iq x,t iq x,tiH t iH t†
0 b 0t t
ˆ ˆ ˆH t x,0 e e H e e x,0 dxχ − χ −>= ψ ψ∫
G GG G G  (19) 
Use (12) in (19) to obtain, 
( ) ( ) ( )( ) ( )( )0 a 0 a
b a
iH t iH t†
0 b a 0t t
ˆ ˆ ˆH t x,0 e q x, t H e x,0 dx−>= ψ − α ⋅∇χ + ψ∫
GGG G G G  (20) 
This yields, 
( ) ( ) ( )( )( ) ( )( ) ( )b a
†
0
0 b †t t
a 0 a a0
ˆ ˆx,0 H x,0
Hˆ t dx
ˆ ˆq x, t x, t x, t>
 ψ ψ =  − ψ αψ ⋅∇χ  
∫
G G
GGGG G G    (21) 
where, 
        (22) ( ) (0 aiH t0 aˆ x, t e x,0−ψ = ψG )ˆ G
Use (5) in (21) to obtain, 
 ( ) ( ) ( )( ) ( )
b a
0 b 0 0 a at t
ˆˆ ˆ ˆH t H 0 J x, t x, t dx>= − ψ ⋅∇χ∫
G GG G G
ˆ
)
    (23) 
where, 
         (24) ( ) †ˆ ˆ ˆJ qψ ≡ ψ αψG G
The quantity  is the current operator.  Use (23) to obtain, (ˆ ˆJ ψG
( ) ( ) ( )( ) ( )
b a
0 b 0 0 a at t
ˆˆ ˆ ˆH t H 0 J x, t x, t dx>Ω Ω = Ω Ω − Ω ψ Ω ⋅∇χ∫
G GG G G  (25) 
Rearrange terms and use (4) and (8) to obtain, 
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( )( ) ( )0 a aˆ ˆJ x, t x, t d∆ξ = − Ω ψ Ω ⋅∇χ∫ G GG G xG      (26) 
Integrate by parts and assume reasonable boundary conditions to obtain, 
 ( ) ( )( )a 0 aˆ ˆx, t J x, t dx∆ξ = χ ∇ ⋅ Ω ψ Ω∫ G GG G G      (27) 
The quantity ( )( )0 aˆ ˆJ x, tΩ ψ ΩG G , in the above expression, is independent of ( )ax, tχ G .  
Therefore we can change the value of ( )ax, tχ G  without affecting the value of 
( )( )0 aˆ ˆJ x, tΩ ψ ΩG G .  Assume that the divergence of ( )( )0 aˆ ˆJ x, tΩ ψ ΩG G  is non-zero, 
i.e., 
( )( )0 aˆ ˆJ x, t 0 for some x∇ ⋅ Ω ψ Ω ≠G G G G
)
     (28) 
Then we can always find a  that makes ( ax, tχ G ∆ξ  a negative number with an arbitrarily 
large magnitude.  For example, let, 
 ( ) ( )( )a 0ˆ ˆx, t f J x, tχ = − ∇ ⋅ Ω ψG GG a ΩG      (29) 
where f is a constant.  Use this in (27) to obtain, 
 ( )( )( 20 aˆ ˆf J x, t∆ξ = − ∇ ⋅ Ω ψ Ω∫ G G G ) dxG      (30) 
The integral, in the above expression, is always positive.  Therefore ∆ξ → −∞  as 
.  This means that there is no limit on the amount of energy the can be extracted 
from the Dirac quantum state provided that we start with a state vector that satisfies 
equation (28). 
f → +∞
III. Conclusion 
There is, in principle, no limit on the amount of energy that can be extracted from 
a Dirac state due to its interaction with the electric potential given above.  This result also 
 9
shows that there is no lower bound to the free field energy.  This is because, from (8), the 
final free field energy ξ  is less than the initial free field energy  by an 
arbitrarily large amount as .  This confirms the conclusion of previous work [1] 
where it was shown, by different means, that there can be no lower bound to the free field 
energy in Dirac field theory. 
(f bt
∆ξ
) ( )f 0ξ
→ −∞
 10
References 
1. D. Solomon, Can. J. Phys. 76, 111 (1998). (see also quant-ph/9905021) 
2. W. Greiner, B. Muller, and J. Rafelski. Quantum electrodynamics of strong fields. 
Springer-Velag, Berlin, 1985. 
3. W. Hietler. The quantum theory of radiation.  Dover Publication, Inc., New York, 
1954. 
4. W. Greiner and J. Reinhardt. Quantum Electrodynamics.  Springer-Verlag, Berlin, 
1992. 
5. W. Pauli and F. Villars, Rev. Mod. Phys. 21, 434 (1949). 
6. W. Pauli. Pauli Lectures on Physics. Vol. 6. Selected Topics in Field 
Quantization, MIT Press. Cambridge, Massachusetts. (1981). 
 
